The quantum and electromagnetic process of photon emission by the hydrogen atom by Kowalski, Marian
The quantum and electromagnetic process of photon emission by the
hydrogen atom
Marian Kowalskia)
Faculty of Science, Ontario Tech University, 2000 Simcoe Street, Oshawa, Ontario L1H 7K4, Canada
(Received 29 August 2020; accepted 1 March 2021; published online 7 April 2021)
Abstract: Light emitted from atoms during transitions of electrons from higher to lower discrete
states has the form of photons carrying energy and angular momentum. This paper considers the
process of emission of a single photon from the hydrogen atom by using quantum theory and
Maxwell’s equations [W. Gough, Eur. J. Phys. 17, 208, 1996; L. D. Landau and E. M. Lifshitz,
Quantum Mechanics (Pergamon Press, Oxford, 1965); J. D. Jackson, Classical Electrodynamics
(John Wiley & Son, New York, 1975, 1982); P. M. Morse and H. Feshbach, Methods of
Theoretical Physics (McGraw-Hill Book Company, Inc., New York, 1953)]. The electric and
magnetic fields of a photon arise from the time-dependent quantum probability densities of the
orbit and the spin current. This paper is an extension of the semiclassical description of
photon emission published by the author earlier in 1999 [M. Kowalski, Phys. Essays 12, 312
(1999)]. In the semiclassical approach, the Coulomb force and a radiation resistance force have
been taken into account to get time-dependent emission of the photon. In both the quantum and
semiclassical cases, the transition takes place within a time interval equal to one period of the pho-
ton’s wave. The creation of a one-wavelength-long photon is supported by the results of experi-
ments using ultrafast (ultrashort) laser pulses to generate excited atoms, which emit light pulses
shorter than two photon wavelengths [F. Krausz and M. Ivanov, Rev. Mod. Phys. 81, 163 (2009);
H. Kapteyn and M. Murnane, Phys. World 12, 31 (1999)]. VC 2021 Physics Essays Publication.
[http://dx.doi.org/10.4006/0836-1398-34.2.116]
Resume: La lumière emise par les atomes lors des transitions d’electrons d’etats discrets
superieurs a inferieurs a la forme de photons porteurs d’energie et de moment cinetique. L’article
considère le processus d’emission d’un photon unique a partir de l’atome d’hydrogène en utilisant
la theorie quantique et les equations de Maxwell, voir les references [[W. Gough, European Journal
of Physics 17, 208, 1996; L. D. Landau, E. M Lifshitz, Quantum Mechanics (Pergamon Press
1965); J. D. Jackson, Classical Electrodynamics (John Wiley & Son, 1975, 1982); P. M. Morse, H.
Feshbach ‘Methods of Theoretical Physics’, (Mcgraw-Hill Book Company, Inc., New York
1953)]]. Les champs electriques et magnetiques du photon sont crees a partir des densites de
probabilite orbitale quantique et de courant de spin dependant du temps. Cet article est une
extension de la description semi-classique de l’emission de photons publiee par l’auteur plus tôt en
1999 [Marian Kowalski, Phys. Essays 12, 312 (1999)]]. Dans l’approche semi-classique, la force
de Coulomb et une force de resistance au rayonnement ont ete prises en compte pour obtenir
l’emission du photon en fonction du temps. Dans les cas quantique et semi-classique, la transition a
lieu dans un intervalle de temps egal a une periode de l’onde du photon. La creation d’un photon a
une longueur d’onde est soutenue par les resultats d’experiences utilisant des impulsions laser
ultra-rapides (ultra-courtes) pour generer des atomes excites, qui emettent des impulsions lumi-
neuses plus courtes que deux longueurs d’onde de photons [F. Krausz, M. Ivanov, Reviews of Mod-
ern Physics 81, 163 (2009); Henry Kapteyn and Margaret Murnane, Physics World (January 1999),
p. 31].
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Probability Density; Classical Electrodynamics; Photon Electromagnetic Field; Energy and Angular Momentum; One-Wave-
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I. INTRODUCTION
The classical and quantum mechanics of the hydrogen
atom is known very well. However, the process of emission
of light from hydrogen is still a puzzle.
Several theories of photon emission and absorption by
atoms are known from the literature. Some of such theories
are described in my previous article.1
In those descriptions of the photon emission, the dura-
tion of the radiation is much longer than the period of elec-
tron oscillation and is comparable to the lifetime of atomic
states.a)Marian.Kowalski@ontariotechu.ca
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However, the transition time ought to be a distinct con-
cept from the lifetime of the excited states (10 9 s) and
from Einstein coefficients A21 used by quantum mechanics.
The lifetime of the excited states (10 9 s) is much lon-
ger than the photon period (T21  0.405 10 15 s) and is
much longer than the emission time of very short laser pulses
obtained recently (t< 10 10 15 s), and also much longer
than very short X-ray pulses (shorter than ten optical cycles)
emitted from atoms after excitation with these short laser
pulses.2,3
This experimental evidence indicates that the electron
transition can occur in much shorter time than the lifetime of
the excited state
The results of our calculations are that the orbiting,
atomic electron can emit or absorb the photon within a time
as short as one period of the photon’s wave. This shortest
transition time corresponds to the time interval needed by
the electron to travel one full orbit around the nucleus.
The calculated transfer of the energy and angular
momentum is in a good accordance with the experimental
data. The emitted radiation, one-wavelength-long photon is
monochromatic having frequency 2pf¼x. We are not taking
into account in this article the sideband frequencies called
natural line width.
This paper is an extension of the semiclassical descrip-
tion of one-wavelength-long photon emission published by
the author in 1999, see Ref. 1. The semiclassical approach
took into account the Coulomb force and a strong radiation
resistance force acting on the radiating electron to obtain the
time dependent emission of a single wavelength long photon
wave from hydrogen, see also Refs. 4–6.
In this paper, we describe the process of electron transi-
tion between the 2p and 1s states of the hydrogen atom using
both the quantum mechanics and Maxwell’s electromagnetic
theories. We consider the emission a photon during one
period of an electron transition between these two states.
In the article, in order to obtain the electromagnetic field
of photon generated during the transition of an electron with
accordance with Maxwell’s equations, the probability den-
sity of the quantum electric current between 2p-1s states is
calculated as time dependent using the known quantum for-
mula, see Refs. 7–10.
Different modes of photon electromagnetic fields can be
considered. We are considering the dipole mode, however, it
is possible to compute similarly other modes like quadru-
pole, etc. (using the same MAPLE code11). Using the presented
method, it is also possible to calculate the transitions
between different states in different atoms and molecules
using specific wavefunctions.
The spin of the electron and its electromagnetic field
associated with the radiated electron is also introduced into
the photon emission process.
The three-dimensional equations (obtained with the
quantum and electromagnetic theories) and the diagrams pre-
sented below were created with the MAPLE software (code)11
and show the electron probability densities, the electron cur-
rent probability densities, and photon vector potential and
scalar potential, as well as photon magnetic and electric
fields generated during the 2p-1s electron transition in one
period of time 0.T. These fields represent the electromagnetic
field of the emitted photon of frequency x, containing the
product of the time dependent transition coefficients c1s and
c2p.
The parts of the probability density of the quantum elec-
tric current not related to radiation (not related to the photon)
representing the evolution over time of the 1s and 2p states
represented by the coefficients c1s
2 and c2p
2 are also shown in
the probability density of the quantum electric current. For-
tunately, however, these parts automatically disappeared in
the photon electromagnetic fields after integration of the
probability density of the quantum electric current.
The quantum and electromagnetic process of photon
emission by the hydrogen atom presented below also con-
firms the idea (described in the semiclassical paper1) of a
photon as a single wavelength electromagnetic wave with a
specific frequency x, energy hx, and angular momentum h
(not taking into account the sideband frequencies called the
natural line width).
II. QUANTUM CALCULATIONS OF ELECTRON
TRANSITION AND PHOTON EMISSION FROM
HYDROGEN ATOM
A. Calculations of the electron wavefunctions in and
between 2p-1s states
To calculate the probability density of the electric cur-
rent between hydrogen 2p-1s states, needed for generation of
photon electromagnetic field, we use the quantum electron
wavefunctions of these two states and linear combination of
these wavefunctions between these two states, given in
spherical variables (r, h, /), where the angle h is calculated
from the z-axis and the angle / is given in x-y plane calcu-










 1=2 raoð Þ sin ðhÞeði/Þffiffiffiffiffiffiffi
pa50
q ; (1)
where ao is the Bohr’s radius.
The electron wavefunction between 2p-1s states is
described by the linear combination formula
w ¼ /1se i
E1s
h c1sðtÞ þ /2pe i
E2p
h c2pðtÞ; (2)
where the transition coefficients c1s and c2p can depend on














where T is the electron transition time period equal to the
photon emission time.
This assumption is confirmed by experiments with very
short laser pulses2,3 and my previous article, “Classical
Description of Photon Emission from Atomic Hydrogen.”1
The sum of the squared transition coefficients is normal-
ized to 1, see Fig. 1
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c21sðtÞ þ c22pðtÞ ¼ 1: (4)
The quantum energies of both the 1s and 2p hydrogen




















where the elliptical main semiaxes are
a1s ¼ aon21s; a2p ¼ aon22p; (6)
and the main quantum numbers have the values
n1s ¼ 1; n2p ¼ 2: (7)
The energy E and the frequency x of the generated pho-
ton are simply determined by the relations
E2p ¼ E1s þ E; x2p ¼ x1s   x: (8)
Thus, the electron wavefunction between the 2p and 1s
















 1=2 raoð Þ sin ðhÞeði;/Þffiffiffiffiffiffiffi
pa5o
p ; (9)











aoð Þ sin ðhÞeði;/Þffiffiffiffiffiffiffi
pa5o
p : (10)











aoð Þ sin ðhÞeð i;/Þffiffiffiffiffiffiffi
pa5o
p : (11)
B. Calculations of the electron electric orbital and spin
current probability densities in and between 2p-1s
states
The electron electric orbital current probability density
in and between the 2p and 1s states is given by the known
quantum formula, see Ref. 8








is the Bohr magneton and me is the mass of an electron.
The electron spin contribution can also be taken into
account.
The electron spin current probability density in and
between the 2p and 1s states can be calculated from the
formula
jspin ¼  e h
2me
curlðwrwÞ; (14)
where the vector r is determined by Pauli spin matrices














We consider here only states which are eigenfunctions
of the spin operator Sz with ms¼ 0, 61/2. In this case, we
have
wrw ¼ 6wwk; (16)
where the direction vector is given in spherical coordinates
as
k ¼ r̂ cos h  ĥ sin h; (17)
k ¼ cos hð Þ;  sin hð Þ; 0
 
; (18)









FIG. 1. (Color online) Time dependence of the transition coefficients
C1s(t) and c2p(t) and their product for T¼ 1.
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The Cartesian coordinates of k are









or k¼ [0, 0, 1] in Cartesian coordinates, and using identity
curlð6wwkÞ ¼ 6wwcurlðkÞ6gradðwwÞ  k; (20)
we obtain
jspin ¼  2mslBfgradðwwÞg  k; ms ¼ 61=2: (21)
If w  w were not dependent on the electron spin current
probability density /, we would write it as (in the spherical
coordinates)









However, this is not the case since the product w  w is





















x2 þ y2 þ z2
p
; / ¼ arctanðy; xÞ; h ¼ arccosðz=rÞ;
where the h angle is calculated from the z-axis, and the /
angle is calculated counterclockwise from the x axis in the
x-y plane.
It is assumed that the radiation parts of the electron cur-
rent probability density are described by the parts with the
photon frequency x or are represented by the product of the
transition coefficients c1s(t)c2p(t). The parts with the squared
coefficients c1s
2(t) and c2p
2(t) should be omitted, because they
describe electron probability densities of the time dependent
states 1s and 2p. These nonradiation parts disappear automat-
ically during the integration and creation of the electromag-
netic field of photon.
C. Three-dimensional graphs of the electron orbital
charge probability density created for the 2p-1s
electron transition and photon emission
The three-dimensional graphs of the electron orbital
charge probability density presented below were created
using the product w  w (23) for the 2p-1s electron transi-
tion (t¼ 0.T) and the photon emission taking into account
the radiation part [with the product of the transition coeffi-
cients c1s(t)c2p(t)] and nonradiation parts (which describe
the temporal variation of the states 1 s and 2p—with the
squared coefficients c1s
2 and c2p
2 ). The graphs were gener-
ated in MAPLE using Cartesian coordinates (x, y, z), where
z:¼1; ao:¼ 1; t:¼ 0 . T; c:¼ 1; h:¼ 1; e:¼ 1; T:¼ 1;
lB:¼ 0.25/p; x:¼ 1; plot3d(Psifc*Psif, x¼ 5 .. 5, y¼ 5
.. 5) (Fig. 2).
Graphs of the electron orbital charge probability density
obtained from the product w  w (23) for the temporal varia-
tion of the 2p state (t¼ 0.T) (only with c2p2 part), generated
in Cartesian coordinates (x, y, z¼ 1) are presented below for:
FIG. 2. (Color online) Graphs of the electron orbital charge probability density obtained from the product w  w (23) for the 2p-1s electron transition (t¼ 0.T)
and the photon emission including radiation part [with c1s(t)c2p(t)] and nonradiation parts (with c1s
2 and c2p
2 ), where x :¼ 1; a0 :¼ 1; T ¼ 1;
z ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p.
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z:¼1; ao:¼ 1 p:¼ 5; t:¼ 0.1; c:¼ 1; h:¼ 1; e:¼ 1; T:¼ 1;
lB:¼ 0.25/p; x:¼ 1; plot3d(Psifc*Psif, x¼ 5.5, y¼ 5.5).
Graphs of the electron orbital charge probability density
obtained from the product w  w (23) during the 2p-1s elec-
tron transition (t¼ 0.T) and photon emission with only radia-
tion part (with c1s *c2p, without c1s
2 and c2p
2 parts),
generated in Cartesian coordinates (x, y, z¼ 1) are given in
Fig. 3(b).
Graphs of the electron orbital charge probability den-
sity obtained from the product w  w (23) for the temporal
variation of the 1s state (t¼ 0.T) (only part with c1s2 ),
generated in Cartesian coordinates (x, y, z¼ 1) are given in
Fig. 3(c).
D. Three-dimensional equations and graphs of the
electron electric orbital current probability density
The electron electric orbital current probability density
vector obtained for the 2p-1s electron transition (including
radiation and nonradiation parts, with c1s *c2p, and with
c1s
2 and c2p
2 ) calculated from Eq. (12) in spherical coordi-
nates (r, h, /) has the vector form
FIG. 3. (Color online) (a) Graphs of the electron orbital charge probability density obtained from the product w  w (23) for the temporal variation of the 2p
state (t¼ 0.T) (only with c2p2 part), where x :¼ 1; a0 :¼ 1; T ¼ 1; z ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p. (b) Graphs of the electron
orbital charge probability density obtained from the product w  w (23) for the 2p-1s electron transition (t¼ 0.T) and photon emission with only radiation part
(with c1s *c2p, without c1s
2 and c2p
2 parts), where x :¼ 1; T ¼ 1; z ¼ 1; a0 :¼ 1 c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p. (c) Graphs of the
electron orbital charge probability density obtained from the product w  w (23) for the temporal variation of the 1s state (t¼ 0.T) (only c1s2 part), where
x :¼ 1; a0 :¼ 1 T ¼ 1; z ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p. (d) The electron electric orbital current density obtained for the 1s
hydrogen state in spherical coordinates jorb(r, h, /) for T :¼ 1; t :¼ 0:99999999; x :¼ 1; a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p.































The Cartesian components of the electron electric orbital
current probability density, but described by spherical varia-
bles (r, h, /) are given by formulas
jorbx ðr; h;/Þ ¼ jorbr ðr; h;/Þ sin ðhÞ cos ð/Þ
  jorbu ðr; h;/Þ sin ð/Þ
þ jorbh ðr; h;/Þ cos ð/Þ cos ðhÞ;
jorby ðr; h;/Þ ¼ jorbr ðr; h;/Þ sin ðhÞ sin ðuÞ
þ jorbu ðr; h;/Þ cos ðuÞ
þ jorbh ðr; h;/Þ sin ðuÞ cos ðhÞ;
jorbz ðr; h;/Þ ¼ jorbr ðr; h;/Þ cos ðhÞ
  jorbh ðr; h;/Þ sin ðhÞ:
Thus, the electron electric orbital current probability
density Cartesian vector obtained for the 2p-1s electron tran-
sition (together with c1s *c2p and with c1s
2 and c2p
2 parts),
described using spherical variables is: jorbðr; h;uÞ ¼
½jorbx ðr; h;/Þ; jorby ðr; h;/Þ; jorbz ðr; h;/Þ.
This means that the Cartesian components of the elec-
tron electric orbital current probability density vector,
described by spherical variables (r,h, /), are
FIG. 3. (Color online) (Continued).






rðsin ð2hþ txÞ   sin ð2h  txÞÞ þ 1
2
rð  sin ð 2h  txþ 2/Þ   sin ð2h  txþ 2/ÞÞ   r sin ðtxÞ





























aoð Þ cos ðhÞc1sðtÞ sin ð txþ /Þ sin ð/Þr
pa5o
: (27)
We used MAPLE software (code) to plot the three-





Figure 4 shows the three-dimensional graphs of the
electron orbital current probability density Cartesian vector
jorb(x,y,z), calculated during the 2p-1s electron transition
(t¼ 0.T) and photon emission (including radiation




The radiation part of the electron electric orbital current
density Cartesian vector jorbrad (r, h, u) (with c1s *c2p and
without c1s
2 and c2p
2 parts), during the 2p-1s electron transi-
tion and photon emission, described by spherical variables
(r, h, /) is
FIG. 4. (Color online) Graphs of the electron orbital current probability density Cartesian vector jorb(x,y,z) obtained for the 2p-1s electron transition (t¼ 0. T)
and photon emission (including both radiation and nonradiation parts, with c1s *c2p and with c1s
2 and c2p
2 parts), where x :¼ 1; T :¼ 1;
a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ 0.
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rðsin ðtxþ 2hÞ þ sin ðtx  2hÞÞ
2
þ rðsin ðtx  2/þ 2hÞ   sin ðtx  2/  2hÞÞ
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Figure 5 shows graphs of the electron orbital current prob-
ability density Cartesian vector jorb(x,y,z), (28) obtained for the
2p-1s electron transition (t¼ 0.T) and photon emission (only
radiation part, with c1s *c2p and without c1s
2 and c2p
2 parts).




E. Three-dimensional equations and the diagrams
of the electron electric spin current probability
density
The electron spin current probability density vector
obtained for the 2p-1s electron transition (t¼ 0.T) and pho-
ton emission (not only the radiation part), determined by
spherical components (coordinates), calculated from the for-
mula jspin ¼  2mslBfgradðwwÞg  k, is































FIG. 5. (Color online) Graphs of the electron orbital current probability density Cartesian vector jorb(x,y,z) obtained for the 2p-1s electron transition (t¼ 0.T)
and photon emission (only radiation part with c1s* c2p
, without c1s
2 and c2p
2 parts), where x :¼ 1; a0 :¼ 1;T :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1;
me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ 0.
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The electron spin current probability density Cartesian vec-
tor obtained for the 2p-1s electron transition (t¼ 0.T) and pho-
ton emission (with not only radiation parts—including c1s *c2p,
c1s
2, and c2p
2 parts), determined by the Cartesian components
(coordinates), but described by spherical variables (r, h,/) is
jspinx ðr; h;/Þ ¼ jspinr ðr; h;/Þ sin ðhÞ cos ð/Þ
  jspin/ ðr; h;/Þ sin ð/Þ
þ jspinh ðr; h;/Þ cos ð/Þ cos ðhÞ;
jspiny ðr; h;/Þ ¼ jspinr ðr; h;/Þ sin ðhÞ sin ð/Þ
þ jspin/ ðr; h;/Þ cos ð/Þ
þ jspinh ðr; h;/Þ sin ð/Þ cos ðhÞ;
jspinz ðr; h;/Þ ¼ jspinr ðr; h;/Þ cos ðhÞ   j
spin
h ðr; h;/Þ sin ðhÞ:
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ao cos ðxt  /Þ sin ðhÞc1sðtÞc2pðtÞ
pa4o
 !




















ao cos ðxt  /Þr cos ðhÞc1sðtÞc2pðtÞ
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Figure 6 shows graphs of the electron spin current proba-
bility density Cartesian vector jspin(x,y,z), (30) obtained for
the 2p-1s electron transition (t¼ 0.T) and photon emission
(including radiation and nonradiation parts, with c1s
*c2p, c1s
2, and c2p
2 parts), for ms ¼þ1/2.
Figure 7 shows graphs of the electron spin current probabil-
ity density Cartesian vector jspin(x,y,z) obtained for the 2p-1s
electron transition (t¼ 0.T) and photon emission (only radiation
part with c1s*c2p,without c1s
2 and c2p
2 parts), forms¼þ1/2.
F. Three-dimensional equations and the diagrams of
the electron electric total (orbital and spin) current
probability density
The total (orbitalþ spin) electron current probability
density spherical vector obtained for the 2p-1s electron tran-
sition (t¼ 0.T) and photon emission (both radiation and non-
radiation parts), determined by spherical components and
described by spherical variables (r, h, /) is




lBc1s tð Þe  3=2
r




lBc2p tð Þe  3=2
r










 3=2 raoð Þ cos ðtx  /Þð ao þ 2msao   3msr þ 3msr cos ðhÞ2Þc1sðtÞc2pðtÞ
a5op
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The total (orbitalþ spin) electron current probability
density Cartesian vector obtained for the 2p-1s electron tran-
sition (t¼ 0.T) and photon emission (not only radiation
parts), described by spherical variables (r, h, /) is




lB sin ðhÞ sin ðhÞr e





 3=2 raoð Þðsin ðtx  /Þ sin ð/Þr   sin ðtx  /Þ sin ð/Þr cos ðhÞ2
 6ms cos ð/Þ cos ðtx  /Þr þ 6ms cos ðtx  /Þr cos ðhÞ2
þ4ms cos ð/Þao cos ðtx  /Þ   2ao cos ðtxÞ   4ms sin ðtx  /Þ sin ð/Þao
þr sin ð 2hþ txÞ þ 32ms sin ðtx  /Þ cos ð/ÞaoÞc1sðtÞc2pðtÞ=ða5opÞ






lB cos ð/Þ sin ðhÞre





 3=2 raoð Þðsin ðtx  /Þ sin ð/Þr   sin ðtx  /Þ sin ð/Þr cos ðhÞ2
 6ms cos ð/Þ cos ðtx  /Þr þ 6ms cos ðtx  /Þr cos ðhÞ2
þ4ms cos ð/Þao cos ðtx  /Þ   2ao cos ðtxÞ   4ms sin ðtx  /Þ sin ð/ÞaoÞ
c1sðtÞc2pðtÞ=ða50pÞ   þ











The electron total current probability density Cartesian
vector obtained for the 2p-1s electron transition (t¼ 0.T) and
photon emission (only radiation part), described by spheri-
cal variables (r, h, /) is
FIG. 6. (Color online) Graphs of the electron spin current probability density Cartesian vector jspin(x,y,z) obtained for the 2p-1s electron transition (t¼ 0.T)
and photon emission (including radiation and nonradiation parts, with c1s *c2p and with c1s
2 and c2p
2 parts), where x :¼ 1; a0 :¼ 1;T :¼ 1; c :¼ 1;
h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ þ1=2.
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 3=2 raoð Þð r sin ð2hþ txÞ   r sin ð2hþ tx  2/Þ
þr sin ð2h  txþ 2/Þ þ 2r sin ðtxÞ   2r sin ðtxþ 2/Þ þ 16ao sin ðtxÞ
 48ms sin ð/Þ cos ð txþ /Þr   48ms sin ð/Þ cos ð txþ /Þr cos ðhÞ2




 3=2 raoð Þð  sin ð txþ /Þ sin ð/Þr
þ sin ð txþ /Þ sin ð/Þr cos ðhÞ26ms cos ð/Þ cos ð txþ /Þr
þ6ms cos ð/Þ cos ð txþ /Þr cos ðhÞ2 þ 4ms cos ð/Þao cos ð txþ /Þ









Figure 8 shows graphs for the electron total (orbitalþ
spin) current probability density Cartesian vector jtotal(x,y,z),
(32) obtained for the 2p-1s electron transition (t¼ 0.T) and
photon emission (including both radiation and nonradia-




Figure 9 shows graphs for the electron total (orbitalþ
spin) current probability density Cartesian vector jtotal(x,y,z),
(32) obtained for the 2p-1s electron transition (t¼ 0.T) and
photon emission (including both radiation and nonradia-




Figure 10 shows graphs of the electron total (orbitalþ
spin) current probability density Cartesian vector jtotal_rad
(x,y,z), (33) obtained for the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part, with c1s
*c2p, without c1s
2 and c2p
2 parts) for ms ¼þ1/2.
Figure 11 shows graphs of the electron total (orbitalþ
spin) current probability density Cartesian vector jtotal_rad
(x,y,z), (33) obtained for the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part, with c1s
*c2p, without c1s
2 and c2p
2 ) for ms¼ 1/2.
Again, it is assumed that the radiation part of the elec-
tron current probability density is described by the parts with
the photon frequency x or alternatively are represented by
the product of the transition coefficients c1s(t)c2p(t). The
parts with the squared coefficients c1s
2 (t) and c2p
2 (t) should be
omitted, because they describe electron probability densities
FIG. 7. (Color online) Graphs of the electron spin current probability density Cartesian vector jspin(x,y,z) obtained for the 2p-1s electron transition (t¼ 0.T)
and photon emission (only radiation part, with c1s *c2p, without c1s
2 and c2p
2 parts), where x :¼ 1; a0 :¼ 1;T :¼ 1; c :¼ 1; h :¼ 1;
e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ þ1=2.
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of the time dependent 1s and 2p states. These nonradiation
parts disappear automatically during the integration and cre-
ation of the electromagnetic fields of photon.
III. CREATION OF PHOTON ELECTROMAGNETIC
FIELD OBTAINED FROM A FALLING AND RADIATING
ELECTRON BETWEEN 2PAND 1S HYDROGEN
STATES
Given the quantum electron charge probability density
and the electron total (the orbital and spin) current probabil-
ity density, we can obtain the photon electromagnetic field,
generated by a falling and radiating electron between 2p and
1s hydrogen states, using Maxwell’s equations.9
A. Review of Maxwell’s electromagnetic radiation
theory
Maxwell’s three-dimensional electromagnetic differen-
tial equations are







FIG. 8. (Color online) Graphs of the electron total (orbitalþ spin) current probability density Cartesian vector jtotal(x,y,z) obtained for the 2p-1s electron tran-
sition (t¼ 0.T) and photon emission (including both radiation and nonradiation parts, with c1s *c2p and with c1s2 and c2p2 parts), where
x :¼ 1; T :¼ 1; a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1p ; ms ¼ þ1=2.
FIG. 9. (Color online) Graphs of the electron total (orbitalþ spin) current probability density Cartesian vector jtotal(x,y,z) obtained for the 2p-1s electron tran-
sition (t¼ 0.T) and photon emission (including both radiation and nonradiation parts, with c1s *c2p and with c1s2 and c2p2 parts), where x :¼ 1; T :¼ 1;
a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼  1=2.
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Both the charge probability density and the current prob-
ability density depend on spatial and temporal coordinates,
and in general case, it is difficult to solve the above set of
differential equations.
However, we can use the scalar potential / and the vec-
tor potential A to get only two second-order differential
equations.
Since r  B ¼0 is also correct for time dependent fields,
the magnetic field is given by the vector potential A
B ¼ r A: (36)







This means that the part in parentheses whose curl is






FIG. 10. (Color online) Graphs of the electron total (orbitalþ spin) current probability density Cartesian vector jtotal_rad(x,y,z) obtained for the 2p-1s electron
transition (t¼ 0.T) and photon emission (only radiation part, with c1s *c2p, without c1s2 and c2p2 ), where x :¼ 1; a0 :¼ 1; T :¼ 1; c :¼ 1; h :¼ 1;
e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ þ1=2.
FIG. 11. (Color online) Graphs of the electron total (orbitalþ spin) current probability density Cartesian vector jtotal_rad(x,y,z) obtained for the 2p-1s electron
transition (t¼ 0.T) and photon emission (only radiation part, without c1s2 and c2p2 ), where x :¼ 1; a0 :¼ 1; T :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1;
lB ¼ 0:2500000000 1=p; ms ¼  1=2.
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Thus, the electric field is determined by the vector and
scalar potentials





The time-dependent behavior of both potentials (suppose



















To separate both potentials, we can transform the vector
potential, which is known to the precision given by the gradi-
ent of any function K, without changing the magnetic field
A ! A0 ¼ AþrK: (42)
To keep the same electric field, we also need to change
the scalar potential





Knowing that both transformations are for any K, we
can choose both potentials according to Eqs. (40) and (41) in
two ways




¼ 0 ðthe Lorentz condition
– gauge invarianceÞ; (44a)
or
r  A ¼ 0 ðthe Coulomb condition–gauge
invariance or radiation condition
or perpendicular conditionÞ: (44b)
Both conditions give equations for separated potentials.













The Coulomb condition gives












In our case of the radiation process, we can choose the
Coulomb condition or both conditions.
We can see that the scalar potential in the Coulomb case






In this case, the photon scalar potential is formed by the
electron charge probability density at the same moment of
time t, but at a different location x, in our case around the
hydrogen atom.
Both, the Lorentz and Coulomb cases are complicated in
terms of the electron current probability density.
It is possible to simplify the equation for the electron
current probability density in the Coulomb case by separat-
ing the electron current probability density into the parallel
(uncurled r  jk ¼ 0) and perpendicular (outsourced
r  j? ¼ 0) parts
j ¼jk þ j?: (50)
We will see that the scalar potential and the parallel elec-
tron current probability density parts cancel each another.
Both kinds of the electron current probability densities
can be calculated using the known vector equation
r r jð Þ ¼ r r  jð Þ   Dj (51)
and the equation equality
r ð1=jx  x0j
  
¼  4pdðx  x0Þ; (52)
















Given the electron parallel current probability density













which is similar to the equation of the vector potential in the
Lorentz case, but only with the electron perpendicular cur-
rent probability density.
To find solutions to the above equations for the vector
potential A, for both Lorentz and Coulomb cases, we can use





¼  4pðx; tÞ; (57)
where f(x,t) is the source distribution function, see Refs. 9
and 10.
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We can find the Green’s function for above wave equa-
tion by first introducing a Fourier transfer in order to remove
the time dependence




















f ðx; tÞe ixtdt: (61)
Using a Fourier transform, the wave equation becomes
nonuniform elliptic Helmholtz wave equation
ðDþ k2Þwðx;xÞ ¼  4pf ðx;xÞ (62)
for each frequency, where k ¼ x=c is the wavenumber.
The Green’s function of the Helmholtz equation is
ðDþ k2ÞGkðx; x0Þ ¼  4pdðx; x0Þ: (63)
The Green’s function can depend only on R ¼ jx; x0j and
must be spherically symmetric. Thus, the Helmholtz equa-





RGkðRÞð Þ þ k2 RGkðRÞð Þ ¼  4pdðRÞ: (64)
For R 6¼ 0, the function RGk(R) satisfies the equation
d2
dR2
RGkðRÞð Þ þ k2 RGkðRÞð Þ ¼ 0; (65)
and solution is
RGkðRÞ ¼ AeikR þ Be ikR: (66)
The delta function depends on R mainly for the R ! 0
ðkR 1Þ range, where the Helmholtz equation becomes the
Poisson equation, and where, as we know from the electro-







and the general solution of Green’s function is
GkðRÞ ¼ AGðþÞk ðRÞ þ BG
ð Þ
k ðRÞ ! 0; (68)
where the first part concerns the radiation emitted from the
origin of the system (a source) at time t> 0, and the second





The constants A and B depend on the initial edge conditions,
but AþB¼ 1.
By specifically changing these amplitudes, the incoming
Green’s wave function can also be used for source
description.
To understand the time dependence of the Green’s func-
tion, it is good to construct the time-dependent Green’s func-








Gðx; t; x0; t0Þ ¼  4pdðx  x0Þdðt  t0Þ:
(70)
Using the Fourier transform, we can see that the source part
of the Helmholtz equation has the shape
 4pdðx  x0Þeixt0 ; (71)






Thus, from the time-dependent Fourier transform, we
get the time-dependent Green’s function in the integral form
G
ð6Þ










where s ¼ t  t0 is relative time, same like R is relative
distance.
For k ¼ x=c, the above integral gives








Gð6Þðx; t; x0; t0Þ ¼ 1jx  x0j d t





The Green’s function GðþÞðx; t; x0; t0Þ is called the
retarded Green’s function, because the signal observed at
point x, at time t is emitted from a source placed at the dis-
tance R and at the retarded time t0 ¼ t  R=c. Similarly, the
Green’s function Gð Þðx; t; x0; t0Þ is called the premature
Green’s function.




Gð6Þ x; t; x0; t0ð Þf x0; t0ð Þd3x0dt0: (76)
The general solution may have additional parts as solu-
tions to the uniform equation, depending on the given physi-
cal process and the given source function f ðx0; t0Þ.
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When considering additional waves coming from the
deep past t !  1 or the distant future t ! þ1, we have
two general cases
wðx; tÞ ¼ wt! 1in ðx; tÞ
þ
ð ð
GðþÞ x; t; x0; t0ð Þf x0; t0ð Þd3x0dt; (77)
wðx; tÞ ¼ wt! 1out ðx; tÞ
þ
ð ð
Gð Þ x; t; x0; t0ð Þf x0; t0ð Þd3x0dt: (78)
In our case of the retarded transition process, we have
wt! 1in ðx; tÞ ¼ 0 and the radiation is emitted for a limited
amount of time with t0  t.
Taking into account the explicit Green’s function
GðþÞðx; t; x0; t0Þ and doing integration we obtain
wðx; tÞ ¼
ð
f x0; t0ð Þret
jx0; t0j d
3x0; (79)
where ret means the earlier moment of the retarded time
t0 ¼ t  jx; x0j=c.
We are, however, interested in the electromagnetic
waves emitted by the radiating electron in the very close
vicinity of the charge source (hydrogen atom) during the
transition process, that is for very small jx; x0j=c and t0  t.
This will simplify the integration process as in the case of
the scalar potential integral.
Thus, we can ultimately obtain the photon vector poten-
tial A around the hydrogen atom for both the Lorentz and
Coulomb cases, for t0  t
ALðx; tÞ ¼
ð









together with the scalar potential in both cases
/ðx; tÞ ¼
ð
q x0; tð Þ
jx; x0j d
3x0: (82)
This will allow us to calculate the photon “Lorentz” and
“Coulomb” electromagnetic field in the close vicinity of the
charge source (hydrogen atom), created during the transition of
an electron in the hydrogen atom between the 2p and 1s states





BL;Cðx; tÞ ¼ r  AL;Cðx; tÞ: (84)
B. Calculation of the photon total (orbital and spin)
vector potential with MAPLE software
We can use MAPLE software to calculate the photon total
(orbital and spin) vector potential using the integral (80) or














cos ðcÞ :¼ cos ðhÞ cos ðhpÞ þ sin ðhÞ sin ðhpÞ cos ð/ /pÞ:
(86)
If r > rp oormrp :¼
rlPðl; cos ðcÞÞ
rlþ1p
For l ¼1 (the dipole approximation),
P 1; cos ðcÞð Þ
:¼ cos ðhÞ cos ðhpÞ þ sin ðhÞ sin ðhpÞ cos ð/  /pÞ;
oormrp
:¼
















Thus, the piece of the MAPLE code used is:
If r > rp











and if r < rp
oormrp:¼0.0;














*oormrp, phi¼ 0.2*Pi); etc.
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C. Equations of the photon total (orbital and spin)
vector potential calculated with MAPLE software
Calculations in MAPLE using Eqs. (80) or (81) give the
photon total (orbital and spin) vector potential probability
density in the form of three spherical components with
spherical variables (r, h, /) obtained for the 2p-1s electron
transition [only radiation part, with the product c1s(t)c2p(t),
because c1s
2 and c2p
2 parts were automatically reset (disap-







ððð 108r4aoms þ 27r5 þ 72r4ao þ 108r3aoms þ 216r2aromsa40ms   27r4   126r3ao




ao þ 192a40ms   224a4oÞlB sin ðxt  /Þ
 sin ðhÞc2pðtÞc1SðtÞÞ; (88)


















c2pðtÞc1SðtÞ sin ðhÞ cos ðhÞlBp: (90)
Thus, the total (orbitalþ spin) vector potential A (only the radiation part) of the emitted photon given in spherical coordi-
nates (determined by spherical components) with spherical variables (r, h, /) obtained for the 2p-1s electron transition
(t¼ 0..T) and photon emission (only radiation part) for l¼ 1 (dipole) is







ððð 108r4aoms þ 27r5 þ 72r4ao þ 108r3aoms þ 216r2aroms þ 288ra30ms




ao þ 192a4oms   224a4oÞlB

















c2pðtÞc1SðtÞ sin ðhÞ cos ðxt  /ÞlBp

: (91)
The Cartesian components of the photon total (orbitalþ spin) vector potential obtained from the total electron current
probability density (only radiation part) and described by the spherical variables (r, h, /), obtained for the 2p-1s electron







ððð 108r4aoms þ 27r5 þ 72r4ao þ 108r3aoms þ 216r2aroms þ 288ra30ms þ 192a4oms   27r4



























ððð 108r4aoms þ 27r5 þ 72r4ao þ 108r3aoms þ 216r2aroms þ 288ra30ms þ 192a4oms   27r4





















 c2pðtÞc1SðtÞ sin ðhÞ cos ðxt  /ÞlBp cos /ð Þ; (93)







ððð 108r4aoms þ 27r5 þ 72r4ao þ 108r3aoms þ 216r2aroms þ 288ra30ms þ 192a4oms   27r4




ao þ 192a4oms   224a4oÞlB sin ðxt  /Þ sin ðhÞc2pðtÞc1SðtÞc1sðtÞ cos ð/ÞÞ:
(94)
D. Three-dimensional graphs of the photon vector
potential obtained using the above Eqs. (92)–(94) and
MAPLE software
> fieldplot3d(A[tot](x, y, z), x¼-p .. p,
y¼-p .. p, z¼-p .. p)
Figure 12 shows the graphs of the Cartesian photon
total (orbital þspin) vector potential probability density
Atotal_rad (x,y,z), (92)–(94) obtained for the 2p-1s electron
transition (t¼ 0.T) and photon emission (only radiation
part) for l¼ 1, ms ¼þ1/2 (the positive spin quantum
number!).
Figure 13 shows graphs of the Cartesian photon total
(orbitalþ spin) vector potential probability density Atotal_rad
(x,y,z) obtained for the 2p-1s electron transition (t¼ 0.T) and
photon emission (only radiation part) for l¼ 1, ms¼ 1/2
(the negative spin quantum number!).
Figure 14 shows graphs of the Cartesian photon orbital
(ms ¼ 0) vector potential probability density Aorb_rad(x,y,z)
obtained for the 2p-1s electron transition (t¼ 0.T) and
photon emission (only radiation part) for l¼ 1, ms ¼ 0 (the
0 spin quantum number!).
Figure 15 shows graphs of the Cartesian photon orbital
(l¼ 1, ms ¼ 0) vector potential probability density Aorb_rad
(x,y,z) obtained for the 2p-1s electron transition (t¼ 0.T) and
photon emission (only radiation part).
Figure 16 shows graphs of the Cartesian photon spin (ms
¼ þ1/2) vector potential probability density Aspin_rad(x,y,z)
obtained for the 2p-1s electron transition (t¼ 0.T) and pho-
ton emission (only radiation part).
Figure 17 shows graphs of the Cartesian photon spin (ms
¼  1/2) vector potential probability density Aspin_rad(x,y,z)
obtained for the 2p-1s electron transition (t¼ 0.T) and pho-
ton emission (only radiation part).
E. The photon magnetic field vector equations
obtained from the vector potential (91) using the MAPLE
code
> B__spher_A_rad(r,theta,phi):¼curl(A__ spher_rad(r,
theta,phi), v, coords¼ spherical);
Now, using Eq. (84), BL;Cðx; tÞ ¼ r AL;Cðx; tÞ, we
have calculated the photon magnetic field probability density
vector, spherical (r, h, /) components, generated during the
2p-1s electron transition (t¼ 0.T) and photon emission (only
radiation part, without c1s
2 and c2p



























FIG. 12. (Color online) Graphs of the Cartesian photon total vector potential probability density Atotal(x,y,z) obtained for the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; a0 :¼ 1; T ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p;
l ¼ 1; ms ¼ þ1=2.











ðð 108r4aoms þ 27r5 þ 72r4ao þ 108r3aoms þ 216r2a2oms þ 288ra3oms




ao þ 192a4oms   224a4oÞlB cos ðxt  /Þ























































c2pðtÞc1sðtÞ cos ðxt  /ÞlB

; (96)





ððð 108r4aoms þ 27r5 þ 72r4ao þ 108r3aoms þ 216r2a2oms þ 288ra3oms þ 192a4oms




ao þ 192a4oms   224a4oÞ
lB sin ðxt  /Þ cos ðhÞc2pðtÞc1SðtÞÞ: (97)
The Cartesian components of the photon magnetic field probability density vector (only radiation part), but described by
spherical variables (r, h, /), created during the 2p-1s electron transition (t¼ 0.T) and photon emission, are
FIG. 13. (Color online) Graphs of the Cartesian photon total vector potential probability density Atotal(x,y,z) obtained for the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; a0 :¼ 1; T ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p;
l ¼ 1; ms ¼  1=2.
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B x½  :¼ B r½   sin ðhÞ  cos ð/Þ   B /½   sin ð/Þ þ B h½   cos ð/Þ  cos ðhÞ;
B y½  :¼ Br sin ðhÞ  sin ð/Þ þ B/  cos ð/Þ þ Bh  sin ð/Þ  cos ðhÞ;
















þ 4 4 ms þ 1ð Þ
27 r2





ððð 108r4ao ms þ 27 r5 þ 72 r4 ao
þ 108 r3 ao ms þ 216 r2 a2o ms þ 288 ra3o ms þ 192a4o ms   27 r4   126r3ao   252 r2 a2o   336r a3o   224 a4oÞe 
3 r
2 ao
þ 192a4o ms   224a4oÞlB sin tx  /ð Þcos hð Þc2p tð Þc1s sin /ð ÞÞ þ
1





ððð 108 r4ao ms þ 27 r5
þ 72 r4ao þ 108r3 aoms þ 288 r a3omþ 192 a4o ms   27 r4   126 r3 ao   252 r2 a3o   224a4oÞe
 3 r
2












þ 4 4ms þ 1ð Þ
27 r2

c2p tð Þc1s tð Þ



















  8 4ms þ 1ð Þ
27 r3

 c2p tð Þc1sðtÞ cos ðtx /ÞlBp

cos ð/Þ cos hð Þ

; (99)
FIG. 14. (Color online) Graphs of the Cartesian photon orbital (ms¼0) vector potential probability density Aorb(x,y,z) obtained for the 2p-1s electron transi-
tion (t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; T ¼ 1; a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p;
l ¼ 1; ms ¼ 0.















þ 4 4ms þ 1ð Þ
27r2





ððð 108 r4 ao ms þ 27 r5 þ 72 r4 ao
þ 108r3aoms þ 216r2a2oms þ 288ra3oms þ 192a4o ms   27 r4   126r3ao   252r2a2o   336r a3o   224 a4oÞe 
3 r
2 ao
þ 192a4o ms   224a4oÞlB sin tx  /ð Þcos hð Þc2p tð Þc1s cos /ð ÞÞ þ
1






þ 27 r5 þ 72 r4aoþ108r3aoms þþ216r2a2oms þ 288r a3omþ 192 a4o ms   27 r4   126 r3 ao   252 r2 a3o
  336ra3o   224a4oÞe
 3 r
2 þ 192a4o ms   224a4oÞlB cos tx  /ð Þsin hð Þc2p tð Þc1s tð ÞÞ
  sin hð Þ2

  81 r







þ 4 4ms þ 1ð Þ
27 r2




















  8 4ms þ 1ð Þ
27 r3

c2p tð Þc1sðtÞ cos ðtx /ÞlBp

sin ð/Þ cos ðhÞ

; (100)
FIG. 15. (Color online) Graphs of the Cartesian photon orbital (ms¼0) vector potential probability density Aorb(x,y,z) for the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; T ¼ 1; a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; l ¼ 1; ms ¼ 0.















þ 4 4ms þ 1ð Þ
27r2









ððð 108 r4 ao ms þ 27 r5 þ 72 r4 ao þ 108r3aoms
þ 216r2a2oms þ 288ra3oms þ 192a4o ms   27 r4   126r3ao   252r2a2o   336r a3o   224 a4oÞe 
3 r
2 ao












þ 4 4ms þ 1ð Þ
27 r2


























  8 4ms þ 1ð Þ
27 r3

 c2p tð Þc1sðtÞ cos ðtx  /ÞlBp

: (101)
F. Three-dimensional photon magnetic field vector
graphs obtained using above Eqs. (99)–(101) and
MAPLE software
Figure 18 shows the graphs of the Cartesian photon total
(orbitalþ spin) magnetic field probability density vector
Btotal_rad(x,y,z), (99)–(101) created during the 2p-1s electron
transition (t¼ 0.T) and photon emission (only radiation
part, without c1s
2 and c2p
2 ) for l ¼1, ms ¼þ1/2.
Figure 19 shows the graphs of the Cartesian photon total
magnetic field probability density Btotal_rad(x,y,z) created
during the 2p-1s electron transition (t¼ 0.T) and photon
emission (only radiation part) for l ¼1, ms¼ 1/2.
Figure 20 shows the graphs of the Cartesian photon
orbital (l¼ 1, ms ¼ 0) magnetic field probability density vec-
tor Borb_rad(x,y,z) created during the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part).
Figure 21 shows the graphs of the Cartesian photon
spin (ms ¼ þ1/2) magnetic field probability density vector
Bspin_rad(x,y,z) created during the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part).
FIG. 16. (Color online) Graphs of the Carteian photon spin (ms ¼ 1) vector potential probability density Aspin(x,y,z) obtained for the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; T ¼ 1; a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ þ1=2.
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Figure 22 shows the graphs of the Cartesian photon
spin (ms ¼  1/2) magnetic field probability density vector
Bspin_rad(x,y,z) created during the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part).
G. The photon electric field vector equations obtained
from the vector potential (91) and Eq. (83) using MAPLE
software
Now, by using Eq. (83), EL;Cðx; tÞ ¼  1=c
ð@AL;Cðx; tÞ=@tÞ   r/ðx; tÞ, we have calculated the photon
electric field probability density vector, spherical (r, h, /)
components, created during the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part, without
c1s
2 and c2p
2 , which disappeared during integration!) for
the dipole l ¼1.
However, let us calculate at first the photon electric field
probability density using only the partial derivative of the
vector potential. Then we will calculate the contribution
from the gradient of the scalar potential. Finally, we will use
both parts of Eq. (83) to calculate the photon electric field
probability density.
FIG. 17. (Color online) Graphs of the Cartesian photon spin (ms ¼ 1) vector potential probability density Aspin(x,y,z) obtained for the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; T ¼ 1; a0 :¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼  1=2.
FIG. 18. (Color online) Graphs of the Cartesian photon total (orbitalþ spin) magnetic field probability density vector Btotal_rad(x,y,z) created during the 2p-1s
electron transition (t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; a0 :¼ 1; T ¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p;
l ¼ 1; ms ¼ þ1=2.
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So let us use MAPLE to calculate the spherical components
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 c2pðtÞc1sðtÞ sin ðhÞx sin ðxt  /ÞlBp

: (104)
FIG. 19. (Color online) Graphs of the Cartesian photon total (orbitalþ spin) magnetic field probability density vector Btotal_rad(x,y,z) created during the 2p-1s
electron transition (t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; a0 :¼ 1; T ¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p;
l ¼ 1; ms ¼  1=2.
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Using MAPLE, we can directly derive the Cartesian com-
ponents of the partial derivative of the vector potential
(92)–(94), preserving the spherical variables. (The differenti-
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c2pðtÞc1sðtÞ sin ðhÞx sin ðxt  /ÞlBp sin /ð Þ

; (105)
FIG. 20. (Color online) Graphs of the Cartesian photon orbital (ms ¼ 0) magnetic field probability density vector Borb_rad(x,y,z) created during the 2p-1s elec-
tron transition (t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; T ¼ 1; a0 :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ 0.
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FIG. 21. (Color online) Graphs of the Cartesian photon spin (ms ¼ 61/2) magnetic field probability density vector Bspin_rad(x,y,z) created during the 2p-1s
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aoþ192a4oms   224a4oÞlBx cos xt  /ð Þsin hð Þ
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c2p tð Þc1s tð Þsin hð Þx sin xt  /ð ÞlBp cos /ð Þ; (106)
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H. Three-dimensional graphs of the photon electric
field vector obtained with the above Eqs. (105)–(107)
and calculated only from the vector potential using
MAPLE software
Figure 23 shows the graphs of the photon total (orbi-
talþ spin) electric field probability density vector Etotal_A_rad
(x,y,z), (105)–(107) calculated using only the partial deriva-
tive of the vector potential from Eq. (83) EL;Cðx; tÞ ¼
 ð1=cÞ ð@AL;Cðx; tÞ=@tÞ   r/ðx; tÞ [obtained without the
gradient of the scalar potential r/ðx; tÞ] and created during
the 2p-1s electron transition (t¼ 0.T) and photon emission
(only radiation part) for ms ¼þ1/2 (the positive spin
number).
Figure 24 shows the graphs of the photon total (orbi-
talþ spin) electric field probability density vector Etotal_A_rad
(x,y,z) calculated using only the partial derivative of the vec-
tor potential from Eq. (83) EL;Cðx; tÞ ¼  1=c ð@AL;Cðx; tÞ=
@tÞ   r/ðx; tÞ [obtained without the gradient of the scalar
potential r/ðx; tÞ] and created during the 2p-1s electron
transition (t¼ 0.T) and photon emission (only radiation
part) for ms¼ 1/2 (the negative spin number).
Figure 25 shows the graphs of the photon orbital (ms¼0)
electric field probability density vector Eorb_A_rad(x,y,z)
obtained without the gradient of the scalar potential r/ðx; tÞ
and created during the 2p-1s electron transition (t¼ 0.T) and
photon emission (only radiation part).
Figure 26 shows the graphs of the photon spin (ms ¼
þ1/2) electric field probability density vector Espin_A_rad
(x,y,z) (parts without ms were removed) obtained without the
gradient of the scalar potential r/ðx; tÞ and created during
the 2p-1s electron transition (t¼ 0.T) and photon emission
(only radiation part).
Figure 27 shows the graphs of the photon spin (ms ¼
 1/2) electric field probability density vector Espin_A_rad
(x,y,z) obtained without the gradient of the scalar potential
r/ðx; tÞ and created during the 2p-1s electron transition
(t¼ 0.T) and photon emission (only radiation part).
FIG. 22. (Color online) Graphs of the Cartesian photon orbital (ms ¼ 61/2) magnetic field probability density vector Bspin_rad(x,y,z) created during the 2p-1s
electron transition (t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; T ¼ 1; a0 :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p;
ms ¼  1=2.
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I. Photon electric field vector equations obtained only
from the scalar potential using Eq. (83) and MAPLE code
We calculated and plotted above the photon electric
probability density using only the partial derivative
contribution.
Now let us calculate the photon electric field probability
density from the scalar potential only by Eq. (83), EL;Cðx; tÞ ¼
 1=c ð@AL;Cðx; tÞ=@tÞ   r/ðx; tÞ, created during the 2p-1s
electron transition (t¼ 0.T) and photon emission (only
radiation part, without c1s
2 and c2p
2 , which disappeared dur-
ing integration!) for the dipole l¼1 case.
Finally, we will use both parts of Eq. (83) to calculate
the photon electric field probability density.
So let us use MAPLE to calculate the electric field from
the gradient of the scalar potential as spherical components.






where the electron orbital charge probability density q(x0,t)
is given by the product w  w, described in spherical coordi-
nates (r, h, /) and created during the 2p-1s electron transi-
tion (t¼ 0.T) and photon emission (w  w has also
FIG. 23. (Color online) Graphs of the photon total (orbitalþ spin) electric field probability density vector Etotal_A_rad(x,y,z) calculated using only the partial
derivative of the vector potential and created during the 2p-1s electron transition (t¼ 0. T) and photon emission (only radiation part), where
x :¼ 1; a0 :¼ 1;T ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ þ1=2.
FIG. 24. (Color online) Graphs of the photon total (orbitalþ spin) electric field probability density vector Etotal_A_rad(x,y,z) obtained without the gradient of
the scalar potential r/ðx; tÞ and created during the 2p-1s electron transition (t¼ 0.T) and photon emission (only radiation part), where
x :¼ 1; a0 :¼ 1;T ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼  1=2.
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nonradiation parts of the 1s and 2p states—c1s
2 and c2p
2
parts) is given in Eq. (23)
ww ¼ 1
64
sin hð Þ2r2e  
r

















We used MAPLE to calculate the photon scalar potential
probability density using the integral (82) and doing integra-
tion in spherical coordinates (variables). We used the similar
MAPLE code which we showed above to compute the vector
potential, for the dipole l ¼1.
> phi_1p_rad:¼int(w*w*r2*sin(theta)*oor
mrp, phi¼0.2*Pi); etc.
This calculation gives the photon scalar potential proba-
bility density u(x,t) obtained in spherical coordinates (r, h,
/) and formed during the 2p-1s electron transition (only
FIG. 25. (Color online) Graphs of the photon orbital (ms ¼ 0) electric field probability density vector Eorb_A_rad(x,y,z) obtained without the gradient of the
scalar potential r/ðx; tÞ and created during the 2p-1s electron transition (t¼ 0.T) and photon emission (only radiation part), where
x :¼ 1; a0 :¼ 1;T ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ 0.
FIG. 26. (Color online) Graphs of the photon orbital (ms ¼ þ1/2) electric field probability density vector Espin_rad(x,y,z) obtained without the gradient of the
scalar potential r/ðx; tÞ and created during the 2p-1s electron transition (t¼ 0.T) and photon emission (only radiation part), where
x :¼ 1; T ¼ 1; a0 :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ þ1=2.
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radiation part, without c1s
2 and c2p
2 , which disappeared
during integration!), for the dipole l¼ 1
/ r; h;uð Þ
:¼















cos xt  /ð Þc2p tð Þc1s tð Þ: (109)
On its basis, we calculated the photon electric field prob-
ability density vector Epotðr; h;uÞ, its spherical components,
given by spherical variables (r, h, /) and obtained from the





Epot r; h;uð Þ :¼










































































sin xt  /ð Þc2p tð Þc1s tð Þ

: (110)
Cartesian components can be calculated from spherical components of the Epotðr; h;uÞ, using the equations [given in
spherical variables (r, h, /)]
FIG. 27. (Color online) Graphs of the photon orbital (ms ¼  1/2) electric field probability density vector Espin_A_rad(x,y,z) obtained without the gradient of
the scalar potential r/ðx; tÞ and created during the 2p-1s electron transition (t¼ 0.T) and photon emission (only radiation part), where
x :¼ 1; T ¼ 1; a0 :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼  1=2.
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Epotx :¼ Epotr sin hð Þcos /ð Þ   Epot/ sin /ð Þ þ Epoth cos /ð Þcos hð Þ;
Epoty :¼ Epotr sin hð Þsin /ð Þ þ Epot/ cos /ð Þ þ Epoth sin /ð Þcos hð Þ;
Epotz :¼ Epotr cos hð Þ   Epoth sin hð Þ:
(111)
The MAPLE code commands
> with(VectorCalculus); vc:¼[x,y,z];
> E_field_from_pot_rad_spher:¼Gradient (phi_rad, vc); # Cartesian components! gives
Epotx :¼




































































































































































































































sin tx  /ð Þc2p tð Þc1s tð Þsin hð ÞÞ: (114)
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J. Three-dimensional graphs of the photon electric
field vector obtained from the above Eqs. (112)–(114)
created solely from the scalar potential using MAPLE
software
Figure 28 shows the graphs of the photon electric field
probability density vector Epot_rad(x,y,z), (112)–(114)
obtained from the gradient of the scalar potential r/ðx; tÞ
part of Eq. (83) and created during the 2p-1s electron transi-
tion (t¼ 0.T) and photon emission (only radiation part).
K. Photon electric field vector equations obtained
from scalar potential and vector potential using
Eq. (83) and MAPLE code
Finally, we took into account the contribution to the
photon electric field probability density from both parts
of Eq. (83), EL;Cðx; tÞ ¼  1=c ð@AL;Cðx; tÞ=@tÞ   r/ðx; tÞ,
obtained during the 2p-1s electron transition (t¼ 0.T) and
photon emission (only radiation part, without c1s
2 and c2p
2,
which disappeared during integration!) for the dipole l¼1.
Taking into account Eq. (105)–(107) and (112)–(114),
using both the derivative of the vector potential and the sca-
lar potential parts, we calculated the photon total (orbital
þspin) electric field probability density vector Etotal_A_pot_rad
(x,y,z)
Etotal A pot rad x; y; zð Þ ¼ Etotal A rad x; y; zð Þ
  Epot rad x; y; zð Þ: (115)
L. Three-dimensional graphs of the photon electric
field vector obtained from both the scalar potential
and the derivative of the vector potential (83) and (115)
using MAPLE code
Figure 29 shows the graphs of the photon total (orbital
þspin, and using both the derivative of the vector potential
and the scalar potential parts) electric field probability den-
sity vector Etotal_A_pot_rad(x,y,z) calculated from Eq. (83) or
Eq. (115), EL;Cðx; tÞ ¼  1=c ð@AL;Cðx; tÞ=@tÞ   r/ðx; tÞ,
generated during the 2p-1s electron transition (t¼ 0.T) and
photon emission (only radiation part) for ms ¼þ1/2.
Figure 30 shows the graphs of the photon total
(orbitalþ spin) electric field probability density vector
Etotal_A_pot_rad(x,y,z) obtained from both the derivative of the
vector potential and the scalar potential (83) and (115),
EL;Cðx; tÞ ¼  1=c ð@AL;Cðx; tÞ=@tÞ   r/ðx; tÞ, generated
during the 2p-1s electron transition (t¼ 0.T) and photon
emission (only radiation part) for ms¼ 1/2.
Figure 31 shows the graphs of the photon total
(orbitalþ spin) electric field probability density vector
Etotal_A_pot_rad(x,y,z) obtained from both the derivative of the
vector potential and the scalar potential (83) and (115),
EL;Cðx; tÞ ¼  1=c ð@AL;Cðx; tÞ=@tÞ   r/ðx; tÞ, generated
during the 2p-1s electron transition (t¼ 0.T) and photon
emission (only radiation part) for ms¼ 0.
M. Properties of the photon electromagnetic field
generated during the 2p-1s electron transition
The above three-dimensional photon electromagnetic
field was generated by a radiating electron during the 2p-1s
electron transition and photon emission in a time interval
equal to one period T in the close vicinity of hydrogen atom.
Such a one-wavelength-long (soliton) electromagnetic wave
of a photon has a specific frequency x, energy Éx, and angu-
lar momentum É and moves in space at the speed of light.
The generated electromagnetic wave of photon moves in
space probably perpendicularly to the orbit of the radiating
hydrogen electron and rotates around the direction of the
axis of motion with the frequency 2 p f¼x.
This article does not take into account the sideband fre-
quencies of the 2p and 1s states, called the natural line
FIG. 28. (Color online) Graphs of the photon electric field probability density vector Epot_rad(x,y,z) obtained from the gradient of the scalar potential r/ðx; tÞ
and created during the 2p-1s electron transition (t¼ 0.T) and photon emission (only radiation part), where x :¼ 1; a0 :¼ 1; T ¼ 1; c :¼ 1; h :¼ 1; e :¼
1; me :¼ 1; lB ¼ 0:2500000000 1=p.
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width, which could modify the above equations, properties,
and the shape of the generated photon electromagnetic field.
IV. CONCLUSIONS
This paper presents the process of a single photon emis-
sion from the hydrogen atom using Quantum and Maxwell’s
electromagnetic theories. The electric and magnetic fields of
the photon were obtained from the time-dependent quantum
orbital and spin electron current probability densities, created
between two discrete quantum atomic states, i.e., generated
during the 2p-1s electron transition (t¼ 0.T) and photon
emission over a time interval equal to one period T of the
photon one-wavelength wave.
MAPLE software was used to obtain the above-presented
equations and graphs describing the hydrogen atom, time
dependent electron quantum wavefunctions, electron orbital
and spin current probability densities, photon scalar and vec-
tor potentials, and its electromagnetic fields.
The creation of a one-wavelength-long photon is con-
firmed by the results of experiments using ultrafast (ultra-
short) laser pulses to generate excited atoms that emit light
pulses shorter than two photon wavelengths, as presented in
Refs. 2 and 3.
This paper is an extension of the semiclassical descrip-
tion of a one-wavelength-long photon emission process pub-
lished by the author earlier in 1999, see Ref. 1. The
FIG. 29. (Color online) Graphs of the photon total (orbitalþ spin) electric field probability density vector Etotal_A_pot_rad(x,y,z) obtained from the derivative
of the vector potential and the gradient of the scalar potential (83) and (115), generated during the 2p-1s electron transition (t¼ 0.T) and photon emission (only
radiation part), where x :¼ 1; a0 :¼ 1; T ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼ þ1=2.
FIG. 30. (Color online) Graphs of the photon total (orbitalþ spin) electric field probability density vector Etotal_A_pot_rad(x,y,z) obtained from both the deriva-
tive of the vector potential and the gradient of the scalar potential (83) and (115), generated during the 2p-1s electron transition (t¼ 0.T) and photon emission
(only radiation part), where x :¼ 1; a0 :¼ 1; T ¼ 1; c :¼ 1; h :¼ 1; e :¼ 1; me :¼ 1; lB ¼ 0:2500000000 1=p; ms ¼  1=2.
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semiclassical approach takes the Coulomb force and the radi-
ation resistance force into account to describe the time-
dependent photon emission process, see also Refs. 4–6.
In both the quantum and the semiclassical cases, the
electron transition takes place over a time interval equal to
one period of the photon electromagnetic wave. This time
corresponds to the length of time it takes the radiating atomic
electron to make one complete orbit around the nucleus.
The lifetime of the excited states (10 9 s) is much lon-
ger than the photon period (T21  0.405 10 15 s) and is
much longer than the emission time of very short laser pulses
obtained recently (t< 10 10 15 s), and also much longer
than very short X-ray pulses (shorter than ten optical cycles)
emitted from atoms after excitation with these short laser
pulses.2,3 This experimental evidence indicates that the elec-
tron transition can occur in much shorter time than the life-
time of the excited state.
The quantum and electromagnetic process of photon
emission by the hydrogen atom presented above also con-
firms the idea (described in the semiclassical article1) of a
photon as a single wavelength electromagnetic wave, having
a specific frequency x, energy hx, and angular momentum
h.
This article does not take into account the sideband fre-
quencies of the 2p and 1s states, called the natural line
width, which could modify the equations and shape of the
generated photon electromagnetic field.
As mentioned in the semiclassical description of photon
emission,1 the role of electromagnetic fields seems to be
very important in the photon emission processes, as well as
in the structure of atoms. If the vacuum is filled with such
electromagnetic fields (the zero-point vacuum field) emitted
by excited atoms in the universe, it is possible to obtain
discrete atomic states (as reported by Franca et al.12). Also,
the inertia of matter is interpreted as the reaction force result-
ing from the interactions between the electromagnetic zero-
point field (Higgs boson field discovered experimentally
recently) and elementary charges.13 This idea is supported
by the covariant Majorana formulation of Maxwell’s equa-
tion as a quantum Dirac-like equation.14 The quantum calcu-
lations were supported by D.J. Griffiths book.15
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